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Abstract
In this work, we study the 18 -BPS heavy-heavy-light-light correlators in the
D1D5 CFT and its holographic dual. On the field theory side, we compute the
fermionic four-point correlators at the free orbifold point. On the dual gravity
side, we compute the correlators of the scalar operators in the supergravity limit of
the D1D5 CFT. Following the strategy of [5], the four-point function is converted
into a two-point function in non-trivial geometries known as superstrata which are
supergravity solutions preserving 1/8 supersymmetries. We focus on a family of
integrable superstrata, which allows us to compute the correlators perturbatively.
∗bchen01, houjue, wukongjiaozi@pku.edu.cn
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1 Introduction
The analysis of four-point correlators provides important insights to the study ofAdS/CFT
duality [1, 2, 3]. These correlators are not protected against renormalization group (RG)
flow so that they encode non-trivial dynamical information of the theory. In the grav-
ity side, the standard approach of calculating four-point correlators is to use Witten’s
diagrams. While in the context of AdS3/CFT2 duality, this approach suffers several tech-
nical difficulties [4] which render the derivation of exact four-point correlators challenging.
Nevertheless, a subclass of four-point correlators denoted as HHLL which contain two
heavy and two light operators has been studied both from the CFT and gravity points
of view [9]–[15]. The goal of this paper is to extend these results to other sector of this
duality.
In the HHLL correlator we consider, the conformal dimension of the heavy operators
scales as the central charge c of the theory when c → ∞. This type of heavy operators
has strong back-reactions on the background so they are dual to new asymptotically AdS
geometries. In contrast to the previous works where the heavy states are dual to black
holes, the authors of [5] considered a special type of heavy operators which are dual to
simple supergravity configurations known as the microstate geometries. These microstate
geometries are horizonless and smooth and are proposed to describe the microstates of
black holes. On the CFT side, they correspond to states in Ramond-Ramond (RR) sector
which have conformal dimension of order c. The states considered in [5] belong to the
1/4-BPS sector. In the paper we extend the analysis to the 1/8-BPS sector where the
heavy states can describe black holes with macroscopic horizons.
Some special correlators with 1/8-BPS states have been studied in [6]. But those
states are not typical in the sense that their dual geometries are locally isometric to
AdS3 × S3 so they do not contribute to the entropy of black holes. In the 1/8-BPS
sector, the microstate geometries of typical states were firstly constructed in [19] and
more solutions were found in [20, 21, 22, 23, 24]1. These microstate geometries which are
called the superstrata in the D1-D5-P frame are asymptotic to AdS3 × S3 but have very
complicated geometries near the horizon regions. Fortunately, one family of superstrata
was found to possess integrable structure [26] which makes the holographic calculations of
the four-point correlators feasible. In this paper, we present the holographic computations
in this family of geometries.
1For a non-supersymmetric example see [25]
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This paper has the following organization. In section 2, after a brief review of the
D1-D5 CFT, we will compute the four-point HHLL correlators at free symmetric orbifold
CFT point. The heavy states we consider are composed of two kinds of RR vacua with
momentum excitations. In section 3, we first introduce the superstrata solutions which
are dual to the heavy states we consider in the CFT and then compute the correlators
perturbatively by taking the limit where the number of one kind of RR vacuum is much
larger than the one of the other. Some technical details are presented in the appendices.
Note added: when this work was finalizing, we realized that the related work [27]
derived the similar results. There they also computed the holographic 1/8-BPS HHLL
correlators in the same geometries as we considered.
2 The CFT picture
In this section we compute the four-point correlators in the D1D5 CFT at the orbifold
point. As a setup we begin with the brief review of the orbifold CFT2. The target space
of this CFT is (T 4)N/SN so it can be formulated in terms of N groups of free bosonic
and fermionic fields
∂X A˙A(r) (z), ∂¯X
A˙A
(r) (z), ψ
αA˙
(r) (z), ψ˜
α˙A˙
(r) (z¯), (2.1)
where r = 1, . . . , N runs over different groups for which we also call strands and α, α˙ =
1, 2 are the spinorial indices for the R-symmetry group SU(2)L×SU(2)R while (A, A˙) =
1, 2 are indices for the SU(2)1× SU(2)2 = SO(4)I rotations acting on the tangent space
in the compact manifold T 4. In this paper, we only consider the untwisted sector of this
orbifold theory, on which the operators can be written as direct products of operators
acting on each strand.
2.1 Heavy and light operators
The structure of the correlators that we consider is
〈OH(z1)O¯H(z2)OL(z3)O¯L(z4)〉 = 1
z2hH12 z
2hL
34
1
z¯2h¯H12 z¯
2h¯L
34
G(z, z¯), (2.2)
where zjk = zj − zk and G is a function of conformal cross ratios
z =
z14z23
z13z24
, z¯ =
z¯14z¯23
z¯13z¯24
. (2.3)
2See [33] for more details.
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The light operators we are interested in are chiral primaries 3
OL =
1√
N
N∑
r=1
OL(r), O
L
(r) = −
i√
2
ψ1A˙(r)ǫA˙B˙ψ˜
1˙B˙
(r) , (2.4)
whose comformal dimension is hL = h¯L = 1/2. The heavy operators that are considered
in [5] correspond to the Ramond-Ramond (RR) ground states
OH = ⊗Nr=1OH(r), OH(r) ≡ |m〉, (2.5)
where m = (0, 0), (±,±) could be one of the five possible spin states. Here m is the
quantum number of R-symmetry group SU(2)L × SU(2)R whose current operators read
Jαβ(z) =
N∑
r=1
Jαβ(r) , J˜
α˙β˙(z) =
N∑
r=1
J α˙β˙(r) , (2.6)
J+(r) =
1
2
ǫA˙B˙ψ
1A˙ψ1B˙, J−(r) = −
1
2
ǫA˙B˙ψ
2A˙ψ2B˙, J3(r) = −
1
2
(ǫA˙B˙ψ
1A˙ψ2B˙ − 1).
The coherent superposition of states are dual to 1/4-BPS geometries since the mo-
mentum charge p = hH − h¯H = 0. To extend to the 1/8-BPS sector, one can either
perform spectral flows [28, 29] or add proper excitation [30]. In the gravity side, the
dual geometries of the former cases are locally isometric to AdS3. While the later cases
can have more interesting geometric duals, for example the microstate geometries of the
black holes. In this paper we concentrate on such a set of 1/8 BPS states of the form
|m, p, n〉 ≡ (|++〉)N−p((J
+
−1)
m
m!
(L−1 − J3−1)n
n!
|00〉)p, (2.7)
where L−1 is the expending mode of the Virasoro algebra. The operator (L−1 − J3−1)n
increases the conformal dimension h by n so as to add n units of momentum charges. In
order to have a smooth geometric dual one needs to take a coherent linear combination
as
|sB〉 = 1
N
N
2
N∑
p=0
AN−pBp|m, p, n〉, |A|2 + |B|2 = N. (2.8)
In summary, we will compute the 1/8-BPS correlators involved with (2.4) and (2.8)
〈sB|OLO¯L|sB〉, (2.9)
where we have chosen z2 →∞ and z1 → 0.
3We adopt the notations used in [5].
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2.2 Fermionic four-point correlators
In this subsection we first elaborate the calculation of the correlator (2.9) with n = 1,
and then present the results for generic n. When n = 1 we need to compute
1
N
N∑
r,s=1
〈0, p, 1|OL(r)O¯L(s)|0, p, 1〉 (2.10)
with |0, p, 1〉 given in (2.7). Similar to the correlators in 1/4 BPS sector [5], this correlator
in the large N limit has two types of terms. The last term scales as O(N) due to the
contributions from the terms where two light operators act on different strands, while the
first two terms are of order O(1) due to the “diagonal” contribution where light operators
act on the same strand.
First let us compute the off-diagonal contribution. Because these two light operators
act on different strand independently the four-point correlator splits into a product of
two three-point functions∑
r 6=s
〈sB|O11˙(r)(z3)O22˙(s)(z4)|sB〉 =
∑
r 6=s
〈O11˙(z3)(L−1 − J3−1)〉r〈(L−1 − J3−1)†O22˙(z4)〉s. (2.11)
Considering the fact that the zero mode of O11˙ turns the state |00〉 into |++〉 and vice
versa for O22˙ the three point functions are given by
〈++ |O11˙(z3)(L−1 − J3−1)|00〉 = 〈++ |[O11˙(z3), L−1]|00〉+ 〈++ |[J3−1, O11˙(z3)]|00〉
= z
−3/2
3 z¯
−1/2
3 , (2.12)
〈00|(L+1 − J3+1)O22˙(z4)|++〉 = 〈00|[L+1, O22˙(z4)]|++〉 − 〈00|[J+1, O22˙(z4)]|++〉
= z
1/2
4 z¯
−1/2
4 . (2.13)
Here we have used the commutation relations
[O(z), Ln] = −hO(n + 1)znO(z)− zn+1∂zO(z),
[J3n, O
11˙(z)] =
1
2
znO11˙(z), [J3n, O
22˙(z)] = −1
2
znO22˙(z). (2.14)
By choosing z3 = 1 and z4 = z, the off-diagonal contribution is
Goff (z, z¯) = z |1− z|
2
|z|N
N∑
p=0
p(N − p) |A|
2(N−p)|B|2(p)
NN
(
N
p
)
= z
|1− z|2
|z|N
N(N − 1)|A|2|B|2(|A|2 + |B|2)N−2
NN
= z
|1− z|2
|z|
|A|2|B|2(N − 1)
N2
, (2.15)
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where
(
N
p
)
is the norm of | + +〉N−p|00〉p, the extra N comes from the normalization of
OL, and the factors p and (N − p) follow from the action of O11˙ and O22˙ on the different
copies respectively.
There are two building blocks we need to consider in the diagonal contributions
〈++ |OLO¯L|++〉, (2.16)
〈00|(L+ − J3+)OLO¯L(L− − J3−)|00〉. (2.17)
The first one does not depend on n and it has been computed in [5]:
GAdiag =
1
|z|
|A|2
N
. (2.18)
Let us focus on the second one. For simplicity, we define new operators M± as
M± ≡ L± − J3±, (2.19)
which satisfy the following useful commutation relations
[M+,M−] = 1 + 2L0 − 2J0, (2.20)
[J0,M±] = 0, [L0,M±] = ∓M±. (2.21)
Acting M± on the operator {O11˙(z3), O22˙(z4)} ≡ {O3, O4}, according to (2.20), one can
get
[M±, O3] = D
3
±O3, [M±, O4] = D
4
±O4, (2.22)
D3− ≡ ∂3 −
1
2
z−13 , D
3
+ ≡
1
2
z3 + z
2
3∂3, D
4
− ≡ ∂4 +
1
2
z−14 , D
4
+ ≡
3
2
z4 + z
2
4∂4.
Therefore the second diagonal block is equal to
〈00|(L+ − J3+)OLO¯L(L− − J3−)|00〉 = 〈M+O3O4M−〉
=〈O3O4[M+,M−]〉+D+〈O3O4M−〉 = (1−D+D−)〈O3O4〉
(2.23)
where D± ≡ D3± + D4±. And we have used M−|00〉 = 〈00|M+ = 0 , L0|00〉 = J0|00〉 =
〈00|L0 = 〈00|J0 = 04. Finally plugging the expression of 〈O3O4〉
〈O3O4〉 = 〈00|OLO¯L|00〉 = 1
2
1
|z3z4||z3 − z4|2 (|z3|
2 + |z4|2 + |z3 − z4|2), (2.24)
4L0 is defined in the R sector here
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into the last equation and, one can obtain
〈00|(L+ − J3+)OLO¯L(L− − J3−)|00〉 =
1 + z + z¯ − z2 − 2|z|2(1− z)
2|z||1− z|2 , (2.25)
which leads to the diagonal contribution
GBdiag =
1 + z + z¯ − z2 − 2|z|2(1− z)
2|z|
|B|2
N
. (2.26)
Summing G(A,B)diag and Goff , we obtain
G(z, z¯) = 1|z| +
|B|2
2N
z¯ − 1 + z(z − 1)(2z¯ − 1)
|z| +
|A|2|B|2
N
(1− 1
N
)
z|1 − z|2
|z| . (2.27)
For generic n, we present the expression of Goff and a recurrence equation of GBdiag
here and leave the derivation and the solution of recurrence equation to the Appendix
A. The off-diagonal contribution reads
Goff (z, z¯) = zn |1− z|
2
|z|
|A|2|B|2(N − 1)
N2
. (2.28)
Denoting the correlator 〈00|Mn+O3O4Mn−|00〉 by Gn, we get
Gn+2 = [(n + 1)
2 + (n+ 2)2 −D]Gn+1 − (n+ 1)4Gn, (2.29)
G1 = (1−D)G0, G0 = 〈O3O4〉, D ≡ D−D+.
Therefore the corresponding diagonal contribution to the correlator is
GBdiag =
Gn
n!2
|B|2
N
. (2.30)
Adding all the terms together gives the final expression
G(z, z¯) = 1|z| +
|B|2
N
(
Gn
n!2
− 1|z|
)
+ zn
|1− z|2
|z|
|A|2|B|2(N − 1)
N2
. (2.31)
This expression manifests the feature of the 1/8 BPS sectors that it is asymmetric with
respect to z and z¯.
The correlators (2.9) we have considered in this section are called fermionic correlators
which are closed related to another type of correlators which are called bosonic correlators
via the Ward identity [5] 5
〈O¯H |Obos(1)O¯bos(z, z¯)|OH〉 = ∂∂¯[|z|〈O¯H |Ofer(1)O¯fer(z, z¯)|OH〉]. (2.32)
5This supersymmetric Ward identity does not hold exactly with the existence of 1/8 BPS states.
Thank Alessandro Bombini for pointing this our. Here we made an assumption the symmetry were still
approximately preserved under our perturbative calculation in next section.
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The bosonic light operator in (2.32) is a superdescendant of the chiral primary light
operator (2.4) and it is defined as
Obos =
N∑
r=1
ǫA˙B˙√
2N
∂X1A˙(r) ∂¯X
1B˙
(r) , O¯bos =
N∑
r=1
ǫA˙B˙√
2N
∂X2A˙(r) ∂¯X
2B˙
(r) . (2.33)
Both the fermionic and bosonic operators can be identified with the marginal operators in
the moduli space of the CFT and they are dual to different fluctuations on the geometric
backgrounds sourced by the heavy operators. In particular, it has been shown in [5] that
the bosonic operators are described by minimally coupled scalars whose wave equations
are rather simple comparing to the ones of other fluctuations. Hence in the next section,
we will compute the bosonic correlators (2.32) in the supergravity limit.
3 The gravity picture
In this section we compute the four-point correlator (2.32) holographically in the su-
pergravity limit. We first introduce the 1/8-BPS background geometries known as the
superstrata and then focus on an integrable family of the geometries which are dual to
the states (2.8) in the CFT.
3.1 1/8-BPS geometries: superstrata
Superstrata are microstate geometries of five-dimensional, three charge, supersymmetric
black holes with arbitrarily small angular momenta in the D1-D5-P frame. They are
regular solutions of the six-dimensional truncation of type IIB supergravity onM4,1×S1,
whose metric take the general form [31]
ds26 = −
2√P (dv + β)(du+ ω +
F
2
(dv + β)) +
√
Pds24(B), (3.1)
where (P,F) are functions and (β, ω) are one-forms on the four-dimensional flat base
space ds24(B). The light-cone coordinates are defined as
u =
t− y√
2
, v =
t + y√
2
, (3.2)
with t and y the time and the S1 coordinate. Other field contents of this theory are
described in terms of three potential functions Z1, Z2 and Z4 and three magnetic two-
form Θ1, Θ2 and Θ4, in particular P ≡ Z1Z2 − Z24 . Their governing equations are
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organized into a set of linear differential equations with two layers[32]. The superstrate
constructed to date are all superposition of solutions that involve with different single-
mode excitation. The single-mode solutions have mode dependence of the form
χk,m,n ≡
√
2
Ry
(m+ n)v + (k −m)φ −mψ, (3.3)
where φ and ψ are the two angular coordinates of the base space B. The three mode
numbers (k,m, n) are constrained by the smoothness condition such that k is a positive
integer and m,n are non-negative integers with m ≤ k. It was proposed in [20] that the
single-mode solution (k,m, n) is dual to the CFT state of the form
(|++〉1)N1((J
+
− )
m
m!
(L−1 − J3−1)n
n!
|00〉k)Nk,m,n , N1 + kNk,m,n = N. (3.4)
Among them the family of solutions with (k,m, n) = (1, 0, n) which are dual to (2.8)
has special properties and hidden symmetries [26]. The massless scalar wave equation
is separable and the six-dimensional metric admits a dimensional reduction to a three-
dimensional space time. Below we will concentrate on this integrable family of super-
strata.
3.2 Integrable superstrata
This family of solution is firstly constructed in [20]. The four-dimensional metric ds4(B)
is more conveniently written in the spherical bipolar coordinates
ds24 = Σ
(
dr2
r2 + a2
+ dθ2
)
+ (r2 + a2) sin2 θdφ2 + r2 cos2 θdψ2, Σ ≡ r2 + a2 cos2 θ.(3.5)
The remaining parts of the solution are given by [20]
Z1 =
Q1
Σ
+
R2y
2Q5
b2
∆
Σ
cos 2χ, Z2 =
Q5
Σ
, Z4 = bRy
∆
Σ
cosχ, ∆ ≡ ar
n
(r2 + a2)
1+n
2
sin θ,
F = − b
4
a2
(1− r
2n
(r2 + a2)n
), ω = ω0 +
Ryb
2
√
2Σ
(1− r
2n
(r2 + a2)n
) sin2 θdφ, (3.6)
β =
Rya
2
√
2Σ
(sin2 θdφ− cos2 θdψ), ω0 = Rya
2
√
2Σ
(sin2 θdφ+ cos2 θdψ),
Q1Q5
R2y
= a2 +
b2
2
.
This solution describes the coherent superposition of state (2.8) with average numbers of
|++〉1 and |00〉1 strands NR2ya2/(Q1Q5) and NR2yb2/(2Q1Q5) respectively. Introducing
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the AdS3 coordinates (x
1, x2, x3) ≡ (r, t, y) and the S3 coordinates (y1, y2, y3) = (θ, φ, ψ)
one can recast the six-dimensional metric in the form
ds26 = V
−2gµνdx
µdxν +Gαβ(dy
α + Aαµdx
µ)(dyβ + Aβνdx
ν), V 2 ≡ detG
detG|r→∞ . (3.7)
One finds that the three-dimensional metric gµν does not depend on any S
3 coordinates
so that we can perform a dimensional reduction on S3. After the dimensional reduction
the resulting three-dimensional metric is [26]
gµν√
Q1Q5
=
F2(r)dr
2
r2 + a2
+
2a2r2(r2 + a2)F2(r)
F1(r)R2y
du2
− 2F1(r)
a2(2a2 + b2)2R2y
(dv +
a2(a4 + (2a2 + b2)r2)
F1(r)
du)2, (3.8)
where
F0(r) = 1− r
2n
(r2 + a2)n
, F1(r) = a
6 − b2(2a2 + b2)r2F0(r),
F2(r) = 1− a
2b2
(2a2 + b2)
r2n
(r2 + a2)n+1
. (3.9)
As a consequence, the six-dimensional scalar Laplacian operator with respect to ds26 gets
simplified into a three-dimensional scalar Laplacian operator with respect to gµν . In the
following we will use this simplification to compute the four-point correlators.
3.3 Holographic bosonic four-point correlators
In the CFT result (2.27), there is a term of order N which corresponds to the disconnected
part of the holographic correlator. Therefore this term is given by the modulus square
of the three-point function which describes the expectation values of the light operator
in the non-trivial background. Since the bosonic light operator is dual to a minimally
coupled scalar, its expectation value vanishes 6. This is also reflected in the Ward identity
(2.32). Below we will focus on the connected part.
The holographic computation of the correlator is involved in solving the six-dimensional
Laplacian equation
6B = 0, (3.10)
6For the fermionic correlator, the holographic calculation of this disconnected part can be found in
[33].
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with the boundary condition
B ∼ δ(t, y) + b(t, y)
r2
, r →∞. (3.11)
As mentioned above, the six-dimensional Laplacian operator can be simplified to the
three-dimensional one defined with the reduced metric (3.8). The four-point function
can be exacted from the function b(t, y) through [5]
〈OH(0)O¯(∞)OL(1, 1)O¯L(z, z¯)〉 = 1|1− z|4G
bos(z, z¯) = (zz¯)−1b(z, z¯), (3.12)
where
z = e
i t+y
Ry = e
te+iy
Ry , z¯ = e
i t−y
Ry = e
te−iy
Ry , with te ≡ it the Eucliean time. (3.13)
Even though the Laplacian equation (3.10) is separable, the radial differential equation
is still very hard to solve. Therefore we will adopt an approximation scheme that was
used in [5]. Taking b as a small quantity we perform the b expansion keeping Q1, Q5 and
R and hence a0 ≡ a2 + b2/2 fixed:
B = B0 + b
2B1, 3 = 0 + b
2
1,
0B0 = 0, 0B1 = −1B0 ≡ J. (3.14)
The zero order of the background is global AdS3 and the first order metric is shown
in Appendix B. The boundary condition (3.11) implies that B0 is the bulk-to-boundary
propagator of dimension ∆ = 2 in global AdS3:
B0(r, t, y) = K2(r, t, y|t′ = 0, y′ = 0) =
[
1
2
a0√
r2 + a20 cos(t/R)− r cos(y/R)
]2
. (3.15)
The information of the first order correction of the correlator is encoded in this integral
b1(t, y) = − b
2
2π
∫
d3r′
√−gK2(t′, y′, r′|t, y)J(t′, y′, r′). (3.16)
Substituting (3.15) into (3.14) gives the expression of the source current
J = − r
a20 + r
2
∂rB0 +
a20R
2
(a20 + r
2)2
∂2tB0 −
1
2
Dn(∂t − ∂y)2B0, (3.17)
Dn ≡ R
2
a20 + r
2
[(
r2
(a20 + r
2)
)n − 1] = R
2
a20
n∑
k≥1
(
n
k
)
(−1)k( a
2
0
a20 + r
2
)k+1.
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When n = 0, one can find that the first two terms are exactly the source current obtained
in [5] on a 1/4 BPS geometry. The new contribution is
b2
2π
R2
2a20
n+1∑
k≥2
(
n
k − 1
)
(−1)k
∫
d3r′
√−gK2(re′|t, y)(∂t′e + i∂y′)2K2(re′|0)(
a20
a20 + r
2
)k,(3.18)
where we have replaced t with −ite and k with k − 1. Omitting the factors the integral
can be computed by integration by parts twice
Ik =
∫
d3r′
√−gK2(re′|t, y)(∂t′e + i∂y′)2K2(re′|0)(
a20
a20 + r
2
)k
= (∂te + i∂y)
2
∫
d3r′
√−gK2(re′|t, y)K2(re′|0)( a
2
0
a20 + r
2
)k (3.19)
= (∂te + i∂y)
2
∫
d3r′
√−gK2(re′|t, y)K2(re′|0)Kk(re′|∞)Kk(re′| −∞)
= (∂te + i∂y)
2(|z|2Dˆkk22) =
(
2
R
z¯∂z¯
)2
(|z|2Dˆkk22),
where Dˆ is the regularized D-function. Adding the trivial contribution 1/|1−z|4 and the
1/4 BPS contribution [5], one finds the holographic bosonic correlator
1
|1− z|4G
bos(z, z¯) =
1
|1− z|4 +
b2
πa20
∂∂¯
[
−π
2
1
|1− z|2 + |z|
2Dˆ1122
]
+
b2
πa20|z|2
n+1∑
k≥2
(
n
k − 1
)
(−1)k(z¯∂¯)2(|z|2Dˆkk22). (3.20)
Because of the last term with (z¯∂¯)2, this bosonic correlator can not be simply converted
to fermionic one via the Ward identity (2.32). However it is straightforward to obtain the
bosonic correlators from the fermionic ones. For example, the n = 1 fermionic correlator
(2.27) gives this simple result
Gbosn=1,CFT = 1−
B2
2N
+
B2
2N
z(2− z). (3.21)
As a comparison, from holographic calculation (3.20) we can derive this correlator in the
strong coupling regime
Gbosn=1,gravity = 1−
b2
2a20
+ |1− z|4 b
2
πa20
[
∂∂¯(|z|2Dˆ1122) + 1|z|2 (z¯∂¯)
2(|z|2Dˆ2222)
]
. (3.22)
With the parameter identification b = B and a20 = N , we find that only the z–independent
term matches. So the correlator is not protected as expected.
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4 Conclusion
In this paper we extended the calculations of HHLL correlators (2.9) in the context of
the AdS3/CFT2 correspondence from the 1/4-BPS sector to the 1/8-BPS sector . The
field theory results (2.27), (2.31) and (A.21) are computed at the free orbifold point of
the D1-D5 CFT. The gravity results (3.20) are computed perturbatively on an integrable
family of three-charge microstate geometries.
Our calculation does not rely on the standard Witten diagram method. By comparing
the two results we find that this correlators are not protected as their 1/4 BPS cousins.
The mismatch is due to the exchange of non-chiral operators. These results describe
correlators in the weak and strong coupling limits respectively. However it is possible
to construct full 1/8 BPS four point functions following a strategy which is suggested
in [8]. Several explicit examples have been remarkably obtained in [27]. One of the
most important information holographic correlators is the spectrum of the double-trace
operators at strong coupling. Our results can shed light on the calculation of anomalous
dimensions of double-trace operators as in the case of AdS5/CFT4 duality.
In contrast to the two-charge microstate geometries, three-charge ones describe non-
degenerate black holes. Therefore our results would be used to study general mechanism
for information conservation of a realistic black hole.
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A Some details on correlators with generic n
In this appendix we provide the details of the deviation of (2.26) and (2.29).
First let’s compute the off-diagonal contribution:
〈++ |O3(L−1 − J3−1)n|00〉 = 〈++ |[O3,M−],M−], . . . ,M−]|00〉. (A.1)
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Using the commutation relations (2.20)
[O3,M−] = (−∂ + 1
2
z−1)O3,
[[O3,M−],M−] = −∂(−∂)O3 − 1
2
z−1∂O3 − [J3−1, ∂O3] +
1
2
z−1[J3−1, O3]
= ∂2O3 − 1
2
z−1∂O3 − ∂(1
2
z−1O3) +
1
4
z−2O3 = (−∂ + 1
2
z−1)2O3,
one can obtain
〈++ |O3(L−1 − J3−1)n|00〉 = (−∂ +
1
2
z−13 )
nz
−1/2
3 z¯
−1/2
3 , (A.2)
〈00|(L+1 − J3+1)nO4|++〉 = (z24∂ +
3
2
z4)
nz
−1/2
4 z¯
−1/2
4 . (A.3)
Comparing with the previous results, we have
Goff (z, z¯) = zn |1− z|
2
|z|
|A|2|B|2(N − 1)
N2
. (A.4)
The most cumbersome term is
〈00|(L+1 − J3+1)nO3O4(L−1 − J3−1)n|00〉 ≡ 〈Mn+O3O4Mn−〉 ≡ Gn. (A.5)
Let us derive a recursion relationship. Introduce the convenient notations as below
Gn+1 = 〈Mn+M+O3O4M−Mn−〉 = 〈Mn+M+M−O3O4Mn−〉 − (D3− +D4−)Bn,
Bn = 〈Mn+M+O3O4Mn−〉. (A.6)
The first term is given by
〈Mn+M+M−O3O4Mn−〉 = 〈M−Mn+M+O3O4Mn−〉 −
n∑
p=0
〈Mp+[M−,M+]Mn−p+ O3O4Mn−〉
= 0 +
n∑
p=0
〈Mp+(1 + 2L0)Mn−p+ O3O4Mn−〉 =
n∑
p=0
(1 + 2p)Gn = (n+ 1)
2Gn.
To compute Bn we move one M+ to the left
Bn = (D
3
+ +D
4
+)Gn + 〈Mn+O3O4M+Mn−〉 = (D3+ +D4+)Gn + n2Bn−1.
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In summary, we have derived a coupled recurrence equation for the correlator
Gn+1 = (n + 1)
2Gn − (D3− +D4−)Bn, (A.7)
Bn+1 = (n+ 1)
2Bn + (D
3
+ +D
4
+)Gn+1, (A.8)
G0 = 〈O3O4〉, B0 = (D3+ +D4+)〈O3O4〉. (A.9)
Canceling Bn we can get recurrence equation solely with Gn
Gn+2 = [(n + 1)
2 + (n+ 2)2 −D]Gn+1 − (n+ 1)4Gn, (A.10)
G1 = (1−D)G0, D ≡ D−D+. (A.11)
After computing the first few terms explicitly, we find the expression gets more and more
involved. Below we derive an general expression of Gn in another way. Define
F nk ≡Mk+O3O4Mn− (A.12)
then
G0 = 〈F 00 〉 = 〈O3O4〉, Gn = 〈F nn 〉. (A.13)
It is easy to show that
F n0 = O3O4M
n
− = (M− −D−)nF 00 . (A.14)
Now, we will evaluate F nk . Firstly, we evaluate it when n = 1, 2, 3.
F n1 = M+O3O4M
n
−
= D+O3O4M
n
− +O3O4
[
Mn−M+ −
n−1∑
p=0
Mn−1−p− [M−,M+]M
p
−
]
= D+F
n
0 +O3O4
[
Mn−M+ +
n−1∑
p=0
Mn−1−p− (1 + 2L0 − 2J0)Mp−
]
= D+F
n
0 +O3O4M
n−1
− [M−M+ + n(n + 2L0 − 2J0)]
= D+F
n
0 + n
2F n−10 + ...
(A.15)
where ... represents the terms which annihilate the vacuum, that is to say, ...|00〉 = 0
. What we want is the vacuum expectation value of F nk = M
k
+F
n
0 , so we will neglect ...
and write F n1 as
F n1 = D+F
n
0 + n
2F n−10 . (A.16)
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Plugging (A.14) into the last equation we get
F n1 = D+F
n
0 + n
2F n−10
=
(
D+(M− −D−)n + n2(M− −D−)n−1
)
F 00
≡ M¯nF 00
(A.17)
Notice that 〈00|M¯n = 〈00| (D+(−D−)n + n2(−D−)n−1).
F n2 = M+F
n
1 =M+
(
D+F
n
0 + n
2F n−10
)
= D+F
n
1 + n
2F n−11
=
(
D+M¯n + n
2M¯n−1
)
F 00
(A.18)
F n3 =
(
D2+M¯n + 2D+M¯n−1n
2 + n2(n− 1)2M¯n−2
)
F 00 (A.19)
Hence, we find that
F nk+1 =
k∑
i=0
C ik
n!2
(n− i)!2D
k−i
+ M¯n−iF
0
0 , C
i
k ≡
(
k
i
)
, ∀k ≥ 0. (A.20)
This result (A.20) can be shown by the mathematical induction with the help of the
identity C ik+1 = C
i
k + C
i−1
k . Therefore, the general expression of Gn can be written as
Gn = 〈F nn 〉 =
n−1∑
i=0
C in−1
n!2
(n− i)!2D
n−1−i
+ 〈M¯n−iF 00 〉
=
n−1∑
i=0
C in−1
n!2
(n− i)!2D
n−1−i
+ (−1)n−i
(
D+D
n−i
− − (n− i)2Dn−1−i−
)
G0.
(A.21)
B Reduced metric to the order b2
In this appendix, we present the reduced metric to the leading order of b2:
gtt = −a
2
0 + r
2
a20R
2
y
+
b2
2a40R
2
y
(2a20 + r
2 − r
2n+2
(a20 + r
2)n
),
gty =
b2
2a40R
2
y
(r2 − r
2n+2
(a20 + r
2)n
), (A.22)
gyy =
r2
a20R
2
y
+
b2
2a40R
2
y
(r2 − r
2n+2
(a20 + r
2)n
),
grr =
1
a20 + r
2
+
b2
2
(
1
(a20 + r
2)2
− r
2n
(a20 + r
2)n+2
).
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